A single control volume, Iwatsubo based bulk flow method for the calculation of these coefficients is developed and implemented. The method herein uses a unique iterative technique to first identify the mass flow rate based on pressure drops across the individual teeth, which is then used in the governing sets of continuity and momentum equations. The method is applicable to different teeth geometries and arrangements. A parametric analysis of the effect of mass flow rate on rotor dynamic coefficients is performed and suggests that a small variation in mass flow rate does not significantly detract from the accuracy of the predicted dynamic coefficients; the mass flow rate calculation implemented in this paper is sufficiently accurate. Furthermore, the inclusion of some tangential momentum parameters has been previously proposed to improve the accuracy of the Iwatsubo method. However, from the current analysis the inclusion of such parameters is also shown to have little effect on the rotor dynamic coefficients and does not lead to improved correlation with experimental data. Comparisons to experimental data suggest that the method herein is reasonable for use as a design tool to predict the trends and actual values of cross-coupled stiffness, the most important seal parameter in rotor dynamic analyses. The method is also shown to be useful in predicting the order of magnitude of principal stiffness and damping coefficients.
INTRODUCTION
Labyrinth seals, which are typically used in centrifugal compressors, accelerate and decelerate a compressible fluid through a tortuous path to dissipate energy and reduce the amount of leakage flow. Common types of labyrinth seals include straight-through, staggered, stepped, interference, and combined seals. A straight-through labyrinth seal is shown in Fig. 1 .
Nonuniform circumferential pressure distributions within the labyrinth chambers can exert forces on the rotating shaft. As with hydrodynamic journal bearings as reviewed by Flack and Kostrzewsky (1993) , such forces can cause a rotor to become unstable. In an effort to include the fluid induced forces in rotordynamic analyses, many researchers have sought rotordynamic coefficients for labyrinth seals.
The accurate prediction of these rotordynamic coefficients for labyrinth seals is the subject of this paper. Straight-through teeth-on-stator and teethon-rotor seals as well as interlocking seals will be investigated. Because the cross-coupled stiffness is the more significant parameter used in rotordynamic analyses, particular attention is paid to this potentially destabilizing stiffness coefficient.
While accurate calculation of the leakage flow is important in the prediction of rotordynamic coefficients, primary importance will be placed here on prior investigations concerning dynamic coefficients rather than leakage flow. The idea that a labyrinth seal could exert a destabilizing force on a rotor was first promulgated by Alford (1965) , who used a simple one-dimensional model which neglected the circumferential flow in the labyrinths. Destabilizing forces were predicted only if the labyrinths converge.
The current work can be classified into three control volume model with the three-dimensional flow in the circumferential direction replaced with a single core flow of mean circumferential velocity.
The most important feature of this analysis is the introduction of a tangential momentum coefficient which describes the amount of circumferential momentum imparted to a chamber from the leakage flow.
Iwatsubo (1980) included the time dependency of area change due to a change in rotor position. The resulting equations were linearized and solved by a finite difference approach and, later by Iwatsubo et al. (1982) , by an analytical separation of variables approach from which stiffness and damping coefficients were calculated. Childs and Scharrer (1986a) extended Iwatsubo's analysis by including the variation of area in the circumferential direction due to eccentricity. This analysis employs a different solution format for the resulting equations utilizing a "reduced circumferential momentum" equation. Kanki and Morii (1986) Jenny (1980) (1980) . The seals were tested for two distinct cases: no seal rotation but with fluid prerotation, and seal rotation but with no fluid prerotation. The static stiffness coefficients and cross-coupled force were presented. These experiments showed that the circumferential velocity is the origin of the crosscoupled stiffness and, therefore, an important parameter in modeling. Childs and Scharrer (1986b) performed tests of teeth-on-rotor and teeth-on-stator seals for 16 teeth seals. This is the first testing in which direct damping coefficients were obtained. The rotor speed and pressure drops are consistent with those used in industrial machinery. Childs and Scharrer (1988) extended their earlier experiments and performed tests of the same seals but for speeds up to 16 000 rpm. The increased speed is important since it shows a speed dependency of the crosscoupled stiffness which was not apparent at lower speeds. The published data for these experiments are well-documented.
For this effort a single control volume analysis was developed to calculate the leakage properties and stiffness and damping coefficients of straightthrough labyrinths for both teeth-on-rotor and teeth-on-stator configurations as well as interlocking configurations. One purpose of this paper is to compare the dynamic coefficients calculated by the method to the data published by Childs and Scharrer (1988) 
where, for example, for teeth-on-stator, ari-l, asi--(2Bi+Li)/Li. Childs and Scharrer (1986a) 
FIGURE 3 3-D view cavity control volume.
modeled the shear stress in the labyrinth chamber as turbulent flow in a smooth pipe. The typical resulting equation for rotor shear stresses is
where Dhi is the hydraulic diameter. The constants In order to solve these equations, a perturbation analysis is performed with the eccentricity ratio =e/Cr serving as the perturbation parameter. (e1) determines the pressure and velocity perturbations resulting from the eccentricity of the rotor. In the eccentric case, the velocity and pressure perturbations are not constant within a given chamber but are functions of circumferential position (0) and time. These pressure fluctuations are responsible for the forces applied to the rotor by the seal.
The zeroth order leakage rate is therefore determined as discussed below and the zeroth order pressure distribution is found in conjunction with this leakage calculation. The zeroth order circumferential momentum equation is:
/4"/(g? g?_l) (-rari-"rsasi)Li. (4) With the mass flow rate determined, the only unknowns in this equation are the shear stresses and circumferential velocity. Since the shear stresses are functions of circumferential velocity and known variables only, the above equation can be solved by an iterative technique for the circumferential velocity in each chamber if the circumferential velocity at the entrance of the seal is specified.
The first order continuity and momentum equations resulting from grouping coefficients of c are:
The coefficients G; and Xi in the above equations are either constants or zeroth order variables. Perturbation equations for these seals often lead to near singular matrices. To avoid such singularities the perturbation equations were formulated based on an expression for mass flow rate which did not require the use of axial velocity as a variable as shown by Williams (1992) ; the matrices resulting from this formulation were always well conditioned. The spatial and temporal derivatives are eliminated by assuming a synchronous elliptical orbit for the rotor and similar pressure and velocity fluctuations. Substitution and grouping like terms of sines and cosines leads to a set of eight linear simultaneous equations for each cavity. The equations can be solved for pressure and velocity perturbations caused by the eccentricity of the rotor. Once the pressure fluctuations are known, the rotordynamic coefficients of the following form can be calculated:
For the assumed elliptical orbit, the rotor displacements and velocities can be written and one can also find the dynamic forces of similar form. The X and Y force components can be found byintegrating the pressure around the seal and the dynamic coefficients can be determined from the forces. Using the perturbation analysis leads to the grouping of like terms and yields the final solutions to the stiffness and damping coefficients.
IMPLEMENTATION OF METHOD
In order to implement the theory, the mass flow rate through the seal must be determined for the zeroth order. The amount of leakage is of importance for reasons other than those concerning dynamic coefficients and a considerable amount of work has been published on leakage flow calculation.
The leakage through a labyrinth seal is typically modeled as an adiabatic throttling process. A pressure drop takes place in each of the annular spaces as a result of an assumed isentropic expansion. The velocity resulting from this expansion is completely lost in the following chamber for an ideal labyrinth. For straight-through labyrinths typically used in industry, a portion of the kinetic energy associated with each stage is carried over into the next stage.
The method treats one restriction at a time and does not give an overall equation for leakage flow. This local approach accounts for different geometries for each restriction and includes the velocity carry-over from one restriction to the next. The leakage can be determined through an iterative process by linking together the pressure losses due to each restriction to determine a total pressure loss. This approach also allows for a more realistic assessment of choked flow. Details of.the method can be found in Williams (1992) and is more accurate than that used by others in that a closed form equation with restricting assumptions is not used to calculate the mass flow rate of the entire seal. 
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Based on the calculated mass flow rate, the pressure ratio across each throttling can be found. The procedure, as depicted graphically in Fig. 4 In addition to the zeroth order mass flow rate and pressure distribution, the coefficients Gi and X,.
in the first order continuity and momentum equations are needed to determine the rotordynamic coefficients. Once these G;'s and X;'s are determined, a system of equations may be developed and solved. The solution of this system of equations leads directly to the rotordynamic coefficients. The equations are in matrix form and formulated by substitution of the perturbation variables and grouping like orders of c.
In the perturbation of mass flow rate, the expression given by Neumann (1964) A similar parametric analysis was performed for principal stiffness for the above case and is presented in Fig. 6 . The figure shows that principal stiffness is fairly insensitive to mass flow rate. The sensitivity increases with rotor speed with differences in principal stiffness of approximately 40% at the highest speed for large variances from the nominal mass flow rate (50% and 200% cases).
The analysis indicates that small differences between calculated and actual mass flow rates should not significantly affect the principal stiffness calculation while more significant differences in the mass flow rate could somewhat affect the stiffness calculation.
COMPARISON TO EXPERIMENTAL DATA
In order to assess the applicability of using the present analysis as a design tool, predicted values for rotordynamic coefficients are compared to experimental data.
A typical comparison to the data of Benckert and Wachter (1980) and predictions of Childs and Scharrer (1986a) is given in Fig. 7 . Dimensionless cross-coupled stiffness is plotted against dimensionless input circumferential velocity (preswirl) and definitions of dimensionless parameters are given in Benckert and Wachter (1980 A typical comparison to experimental data of calculated cross-coupled stiffness versus rotor speed is given in Fig. 9 (1988) . A comparison to experimental data of calculated principal stiffness versus rotor speed is given in Fig. 10 . The calculations show a sharp decrease of stiffness with increasing speed while the experimental data show fairly constant values. This data of Childs and Scharrer (1988 These modifications lead to a revised form for the perturbation coefficients. The effect of incorporating these tangential momentum parameters is illustrated by comparing the dynamic coefficients calculated with and without the tangential momentum parameters to experimental data with an emphasis on crosscoupled stiffness. Cross-coupled stiffness predicted with and without incorporation of the tangential momentum parameters is plotted along with experimental data. Fig. 12 shows typical crosscoupled stiffness versus inlet circumferential velocity ratio. Economic and environmental factors are creating ever greater pressures for the efficient generation, transmission and use of energy. Materials developments are crucial to progress in all these areas: to innovation in design; to extending lifetime and maintenance intervals; and to successful operation in more demanding environments. Drawing together the broad community with interests in these areas, Energy Materials addresses materials needs in future energy generation, transmission, utilisation, conservation and storage. The journal covers thermal generation and gas turbines; renewable power (wind, wave, tidal, hydro, solar and geothermal); fuel cells (low and high temperature); materials issues relevant to biomass and biotechnology; nuclear power generation (fission and fusion); hydrogen generation and storage in the context of the 'hydrogen economy'; and the transmission and storage of the energy produced.
As well as publishing high-quality peer-reviewed research, Energy Materials promotes discussion of issues common to all sectors, through commissioned reviews and commentaries. The journal includes coverage of energy economics and policy, and broader social issues, since the political and legislative context influence research and investment decisions. 
